Abstract. Let G be a finite d-regular graph with a legal edge coloring. An edge Kempe switch is a new legal edge coloring of G obtained by switching the two colors along some bi-chromatic cycle. We prove that any other edge coloring can be obtained by performing finitely many edge Kempe switches, provided that G is replaced with a suitable finite covering graph. The required covering degree is bounded above by a constant depending only on d.
Let G be a finite d-regular graph 1 and c : E(G) → {1, . . . , d} a map such that every two adjacent edges e, e ∈ E(G) satisfy c(e) = c(e ). We call c a legal edge coloring of G. For any subset χ ⊂ {1, . . . , d} of colors denote by (G, c) [χ] = {e ∈ E(G) | c(e) ∈ χ} the spanning subgraph of G colored by the colors of χ. Observe that for any two distinct colors i and j the subgraph (G, c)[i, j] is a collection of disjoint cycles. Its connected components are the bi-chromatic cycles of (G, c) of type i, j.
Let γ be a bi-chromatic cycle of type i, j in G. Let γc denote the coloring of G obtained from c by switching the two edge colors i and j along γ. More precisely the coloring γc is given by γc(e) :=      c(e) if e / ∈ γ, i if e ∈ γ and c(e) = j, j if e ∈ γ and c(e) = i.
for every edge e ∈ E(G). Clearly γc is legal as well. We say that the colored graph (G, γc) is obtained from (G, c) by an edge Kempe switch operation. Kempe introduced a similar idea in his paper [Kem79] on the four color problem. Two legal edge colorings c 1 and c 2 are edge Kempe equivalent if (G, c 2 ) can be obtained from (G, c 1 ) by a sequence of edge Kempe switches. We denote this by
Recall that a combinatorial graph map p : G → G is a covering if p is surjective and induces a bijection between the edges incident at v and p(v) for every v ∈ V (G). We say that G is a graph cover of G. Note that every graph cover of G must be d-regular as well. The covering degree of p is well-defined whenever G is connected and is equal to |p −1 (v)| for some v ∈ V (G). A graph cover is finite if the set p −1 (v) is finite for every v ∈ V (G). Given a legal edge coloring c of G let c • p denote the pull-back coloring of G, that is (c • p)(e) = c(p(e)) for every e ∈ E(G). Theorem 1. Let G be a finite d-regular graph admitting two legal edge colorings c 1 and c 2 . Then there is a finite graph cover p : G → G so that the two pull-back colorings c 1 • p and c 2 • p of G are edge Kempe equivalent. Moreover the covering degree of p is bounded from above by a constant depending only on d.
In other words the theorem says that (G, c 1 • p) ∼ (G, c 2 • p) for some finite covering. This is false without passing to a finite cover [BH14, Lemma 4.4] . In general the covering G may depend on the colorings c 1 and c 2 . The upper bound on the degree of p can be computed explicitly as a function of d.
Remark 1. Theorem 1 can be seen as a generalization of the well-known fact that a symmetric group is generated by transpositions. To see this, let G be the unique d-regular graph with two vertices and no loops. Then edge Kempe switches are simply transpositions of edges, and Theorem 1 holds true without the need to pass to a cover.
A finite pointed d-regular graph with two legal colorings describes an element in the commensurator of a uniform lattice in the automorphism group of the d-regular tree belonging to the stabilizer of a given vertex [Moz96] . Passing to finite covers has no effect on the described element. We obtain the following Corollary 1. Edge Kempe switches are a generating set for the vertex stabilizer in the commensurator subgroup of a uniform lattice in the automorphism group of a d-regular tree.
Note that the above group is infinitely generated.
Graph coverings. We begin with two elementary lemmas on graph coverings and colorings. In what follows, let G be a finite d-regular graph with two legal edge colorings c 1 and c 2 .
Proof. It suffices to deal with the case where c 2 = γc 1 for some c 1 -bi-chromatic cycle γ of type i, j. Note that p −1 (γ) is a disjoint union of the (c 1 • p)-bi-chromatic cycles γ 1 , . . . , γ m in G for some m ∈ N. We conclude by observing that
Lemma 2. Let H ⊆ G be a subgraph and p : H → H be a finite covering map. Then there exist finite coverings q : H → H and r : G → G so that H is a subgraph of G and r |H = p • q.
Proof. The size of the set
−1 (v)| = m for some fixed m ∈ N and all v ∈ V (G). It is clear that p • q : H → H can be extended to a graph covering r : G → G by adding m additional vertices and m additional edges for every vertex in V (G) \ V (H) and every edge in E(G) \ E(H), respectively. In particular r |H = p • q is satisfied.
Remark 2. If |p −1 (v)| is independent of v ∈ V (H) in the previous lemma then q is the identity map and the covering degree of r is the same as |p −1 (v)| for some v ∈ V (H). This will always be the case when we apply Lemma 2 below. Clearly K 1 and K 2 are true. The strategy is to proceed by induction assuming
We show how the induction assumption K d−1 is used to complete the proof of Theorem 1 given that one color has been correctly aligned.
Proof. Consider the spanning subgraph
by Lemma 1. The same sequence of edge Kempe switches on H can be regarded as being performed on G implying that (G, c 1 • r) ∼ (G, c 2 • r).
We describe an explicit construction of a special cover making it possible to align one particular color, say d. Denote
The subgraph G s is a disjoint union of single vertices and single edges. Denote
The subgraph G r is a disjoint union of single vertices and of cycles. Every vertex v ∈ V (G) is incident to either a single edge of E(G s ) or exactly two edges of E(G r ).
Lemma 4. There is a graph covering p : G → G and a coloring c of G such that
Proof. Let C = {1, . . . , d − 1} be the set of colors excluding the color d. For the purpose of the proof we identify C with the additive group Z/(d−1)Z of the integers modulo d − 1. The graph cover G is constructed by letting
The map p : G → G is simply the projection to the first coordinate.
There is a well-defined map ρ :
, v is incident to an edge of G r 0, v is incident to an edge of G s .
Fix an arbitrary orientation for the edges of G. For every edge e ∈ E(G) let e + , e − ∈ V (G) denote the origin and terminus vertices of e with respect to this orientation, respectively. Denote
The edge structure of G is as follows -the edge e = (e, i) ∈ E(G) is incident at the two vertices e − = (e, i) − = (e − , i), e + = (e, i) + = (e + , i + δ(e))
The definition of G is independent of the chosen orientation on E(G). Indeed, given an edge e ∈ E(G) let e denote the same edge regarded with the reverse orientation, so that e − = e + and e + = e − . In any case δ(e) = −δ(e ) which implies that if we set e = (e , i + δ(e)) then e − = e + and e + = e − .
We are ready to define the coloring c on G. It is given by
for every edge e = (e, i) ∈ E(G). As in the above definition of E(G) it is easy to verify that the coloring c is independent of the choice of orientation on E(G).
Consider a vertex v = (v, i) ∈ V (G). We may assume without loss of generality that every edge e ∈ E(G) incident at v is oriented so that e − = v. Therefore an edge e = (e, i) ∈ E(G) is incident at v if and only if e is incident at v. This shows that p is a covering and in particular that G is d-regular. The edge e = (e, i) with c 1 (e) = d is the unique edge incident at v with c(e) = d. All other edges e = (e, i) with e incident at v and c 1 (e) = d have the value of i − k(e − ) ∈ C in common. It follows that c is a legal coloring. Moreover, the condition (G,
We claim that δ(e) = 0 holds for every e ∈ E(G r ). This follows by definition whenever c 1 (e) = d. In the remaining case c 1 (e) = d and c 2 (e) = d. This implies e = ρ(e + ) = ρ(e − ) so that c 1 (e) = κ(e + ) = κ(e − ) and δ(e) = 0 as well. In addition note that c(e, i) = i for every e ∈ E(G r ) with c 1 (e) = d.
Let γ be any cycle in G r . The previous claim implies that p −1 (γ) is a disjoint union of the c-bi-chromatic cycles γ × {i} of type i, d for every i ∈ C.
Corollary 2. There is a finite graph covering p : G → G and a legal coloring c of
Proof. Let p : G → G be a finite graph covering and c a legal coloring of G as constructed in Lemma 4 above. In particular, the subset of all edges e ∈ E(G) with c(e) = d and c 2 • p(e) = d or alternatively with c(e) = d and c 2 • p(e) = d is precisely p −1 (G r ), and this is a disjoint union of c-bi-chromatic cycles. Let c be the coloring of G obtained from c by performing the corresponding edge Kempe switches, so that (G,
Proof of Theorem 1. We wish to prove that K d is true for every natural number d. Clearly K 1 and K 2 hold. Assume K d−1 and let G be any finite d-regular graph admitting two legal edge colorings c 1 and c 2 . According to Corollary 2 there is a finite cover p : G → G and a coloring c of G so that (G, c 1 • p) ∼ (G, c ) and
. Relying twice on Lemmas 1 and 3 we may pass to a further finite cover r : G → G and conclude that
To establish K d it remains to verify that the degree of the covering r : G → G is bounded from above by a constant β(d) depending only on d. It is clear that β(1) = β(2) = 1. We claim that β satisfies the recursion formula
The degree of the covering p constructed explicitly in Lemma 4 is precisely d − 1. Note that we pass to a further cover twice when relying on Lemma 3 and the covering degree increases by a factor of β(d − 1) each time. As explained in Remark 2 no further covers are necessery for the proof. This establishes the claim.
An example. Let G = K 3,3 denote the complete bipartite graph on six vertices. The graph G is 3-regular. It is known [BH14] that G admits two edge-Kempe inequivalent colorings c 1 and c 2 . These are illustrated in the bottom row of Figure  1 . The colors 1, 2 and 3 correspond to blue, red and black, respectively. The required graph covering G and edge-Kempe switches are described in the top row of Figure 1 . These are performed along the bold cycles and indicated by the sign. The value of the function κ : V (G) → C = Z/2Z = {1, 2 = 0} is indicated on the vertices of (G, c 1 ) in the left bottom graph. 
